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5 Allfluidshavefinitememory time t if the timescale of the

pfollid dynamics T
is such that I Te then the white noise

is a good approximation water I 1ps

Water Stokes Einstein tells us thatthe diffusion castalof
a particle of size n is D In
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an two GRV with the same average and covariance these

processes are identical One thus oftenwrite the Langevin equation

as
g p p op u felt floaty

We will often silently switchfrom one notation to the other

2 11 The large damping limit

Naively one would think that a largedamping coefficient0 implies

a large dissipation andthus no motion

the life of a Brownian particle
is very different
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Aristotelian physics



Thanks to thefluctuation dissipation relation damping raise

scale the same way and
both survive in the 0s to limit

motion survives on time scale to 8

inertia is inelevent speed Σ forces

AD is the love of theoretician upto setting 1 1 but it has

weirdwits
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then the average speed is us Fo

Themobility µ
is defined as a Is

It reasons the response of theparticle to an external drive

The over damped Langevin equation them reads
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Cent a is a property of the fluid that can be
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Summary

Large object
connected tomany equilibratedfluid

eliminate degreesoffreedom

Dynamicalequationfor the object that is stochastic

depends on a smallnumber ofparameters LT 0 that

can be measuredindependently

The Langevin equation is the PV NhT of non equilibrium

statisticalmechanis let's learn how to use it
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In the absence ofexternal potential

the simplestdynamics

of an overdamped
colloid is given by

silt 252 t 1

when x f is a Gaussian white noise satisfying crews
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far fromcontinuous

Is 1 a reasonable ODE Answer notreally

Hy ESS Jan Ingenhausz observesthe randommotionof coal
particles at the surface of water

1821 RobertBrown describes the notionof pollen grain suspended in
water

1901 Einstein makes a convincing connection to atavistic theory

1106 Smollushoushi
birthof stochastic differentialequations

1108 Langevin

1918 Wiener

144 Ito
solid mathematical basis hardproblem



Why two important problems

Formal solution of 111 41 1 d En 7151 If simplicity

11 tids Erp s random variable
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It scals as not differentiable Q howtogivea proper
meaning to 111

Mathematics Youdo not aly a 1 1 StdsEppes is well
defined Wiener process da Entry is acceptable

Physicists Yes fine but let's still use it because it is a useful
notation

Eq i
describes a randan notion and we expect catch 2DE

la El a1011 2Dfolds fida y style UH 2Dt

count diffusif scaling

Almativederivation H 2441 site FD ace241 121

alt FD Cattin HIS



x t position reached at time t
741 random hich received at time t

causality uncorrelated

Cult Y H CUH MHS 0 13

we
CRH 0 cattis C paradox

Contusion 121 3 an incompatible

se to stick to 3 and we willhave tofix the chain
rule al To do so we will use whatis called Ito stochastic calculus

Alternatively physicistoften like to keep cal but then 131 doesnothold
This is thepath of Stratonovich calculars on whith Iwillcannel later on

Comment The proper
mathematicaltreatmentof stochastic equations

relies on integrating then over a time step dt to write

dx fieldt dg

and a giving a proper
mathematicalsense to integrals oftheform

Sfexids
Here we will stick tophysicsnotation The readingof chapters i s

of the book Stochastic differential equations by BerntOhsendal

fans a solid mathematical reference for interested readers



2 Ito formula themodifiedchain rule

Howdas f un evolve when net is solution of
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and y t is a Gaussian white noise GUN such that
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what do we know about dm

dy o Cdm's I at systems rdt

day ME unusual

Cement To simulate 141 the simplestway is to use s

a letter ate t dt Flatti Vertu whereplut.IE
Chain rule To evaluate t let us firstcompute
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Since 1ft fig fluttall flutilae
we need to retain in 6

all ten that do not vanish as dt so Since da contain dry which

scale as Ft Idal will contribute

For 1 3 1 Offel o as dt no

let us look at the terms ade by a den

1 1 If f u standard chain rule

1 2 f a Flail at dy f a

III
dm fidn resizer is a random variable whose

average
value

is Tdt dy Tde fluctuations

As dt so thefluctuation ofdry becomes negligible and it stops

acting as a random variable so that we write dry Tdt

This equality is for stochastic variables mathematically it is a convergence
in L2 Norm
The h term thus contributes f un leading to

flung f un site f anti 171



For those who like more mathematical derivations

2 1 Evolutionof f niti
a letde niet t Flahil dt t daylet t o de da it pls
Discutize time Ej jdt t Ndt

Tech flutti f not Ii f n titi f nisi

Idea Nlarge dt no with t Ndtfixed to expand

f actin f akill daj 8 da

where day re titi alt Flattill dt day til

Then identify f acte flud fits asset to get 1

To lighten notations we denote 0ft by 0

f ath flusol ÉÉ flailda f ail F ᵗ 15 4 de

Analyse termby term in the limit dt no

I flail de Iff am sics ds f nisi Fam yes
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CA's f as f na Fla Flue dry dgh

ifhisj d5h independentfromthe rest c dye o

if jch o by symmetry

A Idk f tail Flail's dt folder f a flail's
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The typical scaleof A vanishes as It so alsoholdsforhighermacts

ail de

dry is a random variable of average odt let's show that
day Tdt negligiblefluctuations

B I f ai dm Tdt is a random variable

B f a dm Tde I Cf la D Edreffe
0

LB EC f a f an dog ode dm THE

As before j h vanishes CB's f a dry odel's



1dm Tdt s dg 20 dt dy o de

Since dm is a GRVof mean day 3 dry 30 de

B E f a 28 de n dt it Eds f nisi Oct148
B no shows that the random variables If a die converges

in nom c to the limit of If aj Tdt and we thus

replace by f aj rde idsf assi

Afatifing Its flasitical f nisi

which leads to Iti lemma

f Cf.lu tf f uitilsilelf'lmtT 171

EThiisaveyusfufumuathatwew.ltuse a
lot but we have shown this for the integral of 171
in the L sense S RHS LHS ds 0

This is not an exact point wise formula do notdo aazy
thing like ofIRHS grits with g a na linear function

End of the mathematical a pate
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The derivation above generalizes directly to
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2 3 N dimensional Ito formula
x ̅ Fi fri sent 7 2 when the re are correlated GWNsit
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Concent Very useful in thepresence of deterministic stochastic

variables
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only the stochastic variable leads to a secondadenderivative
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we can characterize thefluctuations of n t arand itsmean 1st

Also wah for higher moments
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3 Probability of noise realization

If we say that 7H11 fans a setof GRV it wouldbe nice to

be able to write their probability weight
Startwith A random variables 7 such that it 71 ear

P z exp E P I 19

with P a matrix symmetric positivedefinite

From the pset you know that rings kij with K P



Now let'scall t idt and 2 Miti andtake thelimit de so
herping Nde t find We then rewrite
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Since this holds for any function f onehas that
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